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ABSTRACT

A binary search tree can be used to store data in a computer system
for retrieval by name. Different elements in the tree may be referenced
with different probabilities., If we define the cost of the tree as the
average number of elements uwhich must be examined in searching for an
element, then different trees have different costs. We shouw that two
particular tupes of trees, weight balanced trees and min-max trees, uhich
are easily constructed from the probability distribution on the elements,

are close to optimal. Specifically, uwe shou that for any probability
distribution with entropy H,

CHB

A

H+2
H - logH - (log,e -1) = COP‘ <

A

Y H+ 2

Wwhere Copt, Cus’ and C,. are the optimal, weight balanced, and min-max

costs. We gain some added ingight by deriving an expression for the
expected value of the entropy of a random probability distribution.
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1.8 Introduction

Binary search trees can be used for data storage in a computer
sgsfem Wwhen each piece of data is to be referenced by a name from some
ordered set of names. Informally, a binary search tree is a binary tree in
which each node is labelled uwith a name, such that in any subtree, the
names in the left subtree are all less than the root name, and the names in
the right subtree are greater than the root name.

For example, we can have a tree of animal names ordered

alphabetical ly:

The algorithm for finding a namé x in the tree is:
1) 1f the tree is empty, then the search fails.
2) Compare x uith the root name.
3) 1f they are ;qual, then x has been found.

4) If x comes earlier alphabetically, then recursively search the left




subtree for x.

5) If x comes later, then recursively search the right subtree for x.

. S0 to find "bat" in the above tree, it is compared with "cat" and found to
come earlier, Then it is compared with "ant" and found to come later.
Finally, it is compared with "bat", and is found, More information on
binary search trees including applications can be found in Knuth (8],
Severance [13], and Nievergelt [18]. The last has a good bibliography of
"the area.

One quantity that is important in determining whether a binary
search tree should be used in a particular application is the average time
needed to find a name. MWe will be dealing With trees abstractly, and so
Will be interested in a cost measure defined on the trees, which is
independent of implementation. This measure, which accurately reflects the
average search time for most implementations._is the average number of
nodes which must be examined to find an element. We call this quantity the
cost of the tree. The cost depends not only on the structure of the tree,
but also on the probability distribution on the names, which indicates
their frequency of reference. The cost also depends on the possibility
that .a name searched for is not in the tree. Note, aléo; that the ?ctua!
names and the data stored with the names have no effect on our cost
measure, so uwe Will assume that the names are 1, 2, 3, ...

1
From a set of n names it is possible to construct (2n)./(n! (n+1) N




or about 4" different trees. The oﬁtimal tree is the one of louest cost
(actually there may be many such trees). MWe are also interested in the
weight balanced tree, in which the root of each subtree is chosen to most
equal ly balance the probabilities contained in each of its subtrees, and in
the min-max tree, in which each root is choéen to minimize the larger of
the probabilities in each of ité subtrees. The best algorithm known for
constructing optimal trees runs in time 0(n®) (Knuth [7]). Hu and Tucker
[S] have an algorithm for a restricted case, which builds an optimal tree
in time O(n log n).' Fredman [2) has recently discovered an algorithm which
can be used to build weight balanced and min-max trees in time O(n). Since
we Will show that weight balanced and min-max trees are close to optimal,
it might often be better to use Fredman's algorithm to build one of these
trees instead of using the optimal tree. MWalker and Gotlieb [14] and Bruno
and Coffmaﬁ (1] have empirically shoun that weight balanced trees are close
to optimal.

We shou that these trees are good by deriving a lower bound on the
cost of the optimal tree and an upper bound on the cost of the ueight
balanced and min-max trees. As is typical in information theory, our
bounds are in terms of the entropy H of the probability distribution.
.Halhorn [3] derived a lower bound on the cost of the optimal tree of
H(|°g 3» @nd an upper bound on the cost of the weight balanced tree of

3.42 H + 2. Rissanen [12] treated a special case corresponding to always



having an unsuccessful search, and proved an upper bound on the cost of the
weight balanced tree of H + 3. Our upper bound proofs are improvements on

his. HWe improve on all previous bounds with

Cua SH+ 2
H - iong - (Iogze -1) g EmM <

C"nsH+2

where CGpt’ Cus' and C,, are the optimal, weight balanced, and min-max costs
respectively.

Our results are also applicable to some coding problems in
information theory. If we consider encoding source messages using a prefix
code over the ternary alphabet {8,1,s}, with the restriction that s can
appear only at the end of a code word, then every binary search tree

corresponds to such a code. For example




corresponds to the code tree

Our lower bounds hold for all such codes. Our upper bounds hold for codes
constructed as our trees are constructed. See Gal[aéer (3] for more
information on coding applications.

The remainder of this thesis is organized as follows. Chapter 2
contains definitions and some useful preliminary lemmas. The lower bounds
are presented in Chapter 3. Chapter 4 gives the upper bounds. Added

insight is given in Chapter 5 by showing houw large the entropy can be

expected to be.
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2.8 Preliminaries

In this section we formally define binary search trees, and define
the notations to be used. Then uWe prove a simple but useful lemma about

trees and a lemma about entropy.

2.1 Definitions

Define a binary search tree T with n nodes (D), ... ,(M) and n+l

leaves [B], ... .[n] as a binary tree such that if () is the root of a
subtree t then all nodes ® and leaves in the left subtree of t satisfy
k < i, and all nodes ® and leaves in the right subtree of t satisfy
k 2 i. The level of (i), |,, is the number of nodes from the root of T to
@, counting the root and ® The level of E]. I,y is the level of the

parent of [I] A probability distribution over the nodes and leaves is a

gsequence of non-negative real numbers Pys eee sPpalgs ooe 40, such that

> B # > q = 1. The entropy of a probability distribution is defined

12k<n 82ksn

by Hix,, s:i ,%7 = > x log 1/ . (Unless otheruise specified, all log's
h " Iskem Xy

in this thesis are to the base 2. Define 8 log 1/3 = @.} Given a
probability distribution and a tree T, we define:

(1) CT = the cost of T
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= the expected number of comparisons made when searching for

an element

g .l‘SzltSr\mi'r g Bganklk'
(2) HT = the entropy of T (We will often omit the subscript T on
C,; and H;.)
i 1§5npk %0 ljpk ¥ aszkan“ - lqu'

In our formal definitions the nodes correspond to the elements
stored in the tree. The leaves represent the positions in the tree where
unsuccessful searches terminate. That is, is the termination point of
@ search for some name between the kth name in the tree and the k+lst name
in the tree. The levels correspond to the number of nodes which must be
examined before a search terminates, either successful ly or unsuccessful ly.
The probability P, 18 the probability that a search is for the kth element
in the tree. The probability q, is the probability that a search is for a

name that falls betueen the kth and k+lst elements in the tree. MWith these

definitions, then, the cost as defined is indeed the average number of

comparisons made during a search.
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For examples

ly = 1

IZ-[?-IZ'-I7"=2
l=lgm 1) = 1" =3

o= lg= iy =l =1 =1’ =4

Tfp, = oo mpym My g m ves mgy = g then €= 197, + BB/ and
H - Uog 161/, (log 18],

For the sum of the probabilities of the nodes and leaves in the

sequence ,@. .@,E betueen @ and @ including the endpoints, ue
Will use the notation PID.Q) = |§5}p" + ;%5]..1(1"' and analogously for
PG, PUO.ODP. P(E].(Q)). Also, for each subtree t of T with nodes
and leaves [i-1,(D, ... ,(Q).[J] define:

(1) r, is the root of t,

(2) Lt is the left subtree of t,

(3) R‘ is the right subtree of t,

(4) S, is the set of all subtrees of t, including t, but not including

the subtrees composed of single leaves, |

(5} Pz = P(,} is the total probability in t,
(8) I_t(®) = P([icl],[=1]) is the value that PLt would have if (k) were the
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root of t.

7) R (®) = P(K].[J] is analogous to (6).
(8) H, = X Pu/p log Pu
1

' i<K<j Pe  iTTay Qe

entropy of t,

¥ 2. qt/P log Py is the normalized
t

9 C = > PK/P‘UK -1, +1)+ 3 quptuk' -1, +1) is the cost

i<ksj t i-1%ks] t

of t when viewed as an isolated, normalized tree,
(18) E, = H{pr‘/P‘, PL'/Ps' Pa‘/P‘) is the entropy of the split at t.
It Pt = B, then H: = Ct = Et = B. Note that if t is [:] then r., L, C

are undefined, S, = 6, P, = q,, and H, =C, = 8.

L« R E

From the above definitions with some algebraic manipulation, we get

P P

Ct = 1 + Ll/P‘ CL' + Rilp‘ th (1)
P P

H1 = E‘ + L‘/Pt HLi + R'/P‘ HR: (2)

unliess P1 = B, in which case Ct = H' = 8.

2.2 Tree Lemma

The following simple lemmas about trees are useful:

Lemma 2.1 If f(t) is a function defined on all subtrees of T by

B if tisa leaf or P, =8

flt) =

P

9t + Tl L)+ PR,/P' f(R) otheruise

for some function g, then
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BiftisaleaforF’l-B
flt) =

1/P ZPt,g(t') otheruise.
t t'(S‘

Proof (by induction on the structure of the tree)
Basis If t is a leaf then the lemma is clearly true.

Induction If P‘ = B then it is clearly true. If P, =8 and if P, =8
— t

and F’R * B then
t

£(8) = g(t) + PL/o #L) +PR/o £R)
1P‘- t iP‘ t

-lp gt + T PLolt) + T PLglt")
t 1'(3L I'ESR

t 1
(by the induction hypothesis)

-l T Polt")
t S,

(since S‘ = {t}l U S"t u SRi

If PLt" 8 (PR‘ = @), then for all t'cSL‘ {t'GSR'l, P

lemma is true.D

).

. B, and the

Lemma 2.2 If f is defined as in Lemma 2.1 then f(T) = ZPtg(t).
teS
T

Proof This is Lemma 2.1 with P, = 1.[]

Lemma 2.3 C = ZP‘ y H= thEt.

teS teS
i3 T
Proof See equations (1) and (2) above and Lemma 2.2.[:]
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2.3 Entropy Lemma

The following lemma about entropy is useful:

Lemma 2.4 (1) 1+ X X Xy = 1, then H(xl,xz,xsl 2 H(x1+x2,x3}.

(2) 1f x s /5, then Hix,1-x) 2 2,

Proof The proof is straightforward, See Gallager [31.[ ]
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3.8 Lower Bounds on the Cost of the Optimal Tree

The problem of determining a good lower bound on the cost of a
binary search tree seems not to have been studied in great detail. Melhorn
(3] derived the bound C 2 H/Iog 3+ With a proof involving complex
manipulations. In fact, we can get the same bbund by noting, as we did
before, that every binary search tree corresponds to a ternary code tree
Hith the same cost'and entropy. Then a theorem from information theory
yields the same bound (Gallager [3], p. 58). (Note also that this theorem
also yields C 2 H when 3 p = 8.) What seems to have discouraged further
work is that this bound is achievable. However, it is achievable only for
H < 3 log 3 as we shall see later,

We present next an easy lower bound which is better than the bound
above. The proof is easier than that for our best bound, and we can give
an argument for its plausibility.

The average amount of information which must be learned in finding
an element in the tree is H bits. Each of the C comparisons, except the
last, results in an answer of < or >, This gives one bit of information
per comparison, or C - 1 bits total. The last comparison indicates that
the search has ended. In other words, it tells hou many levels had to be

searched. In the optimal tree, the average number of levels is less than
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or equal to log (n+l)., Thie means that the last comparison yields
essentially log log (n+l) bits of information. Therefore, H is about
(C-1) + log log (n+l). In fact we prove that C > H - P (log log (n+l1)-1),
where P = 3 p,.

As a lemma, we prove a Kraft-like inequality for this type of tree.

Lemma 3.1 In any binary search tree T

-
k « (log (n+l))
lszmz < /5

Proof (by induction on n)
Basis If n =8 then T is [B] and
i
2 2% -2%.1

8<k=<8

B 5 Bl

15k<8
Induction (n > B) . T is made up of the root node (™. the left

subtree, with r-1 nodes and r leaves, and the right subtree, with n-r
nodes and n-r+l leaves. The values of 'x and 'x' are one greater in
the uwhole tree than the corresponding values in the subtrees. Thus,
inductively we have

=i

K 1
2 < /2

Bskgr-1

Z"H < (log r)/4

1gk<r-1
5
:E: 2 r ng 13/2
rsksn
S 27k ¢ Uog rreld)y,
r+lsksn
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=) '
Also, 2 " = 1/, So

B<ksn
1

/
5 gl g W VOO +log Inrtlll s fiog 12 b tnopet) My,

12ksn

But (n+1)2 = 4 (r(n-r+1)) = n® - 4nr + 2n - br + 4r2 4 1

= ((n-r) - (r-1))2 > B.
i
Ss ¥ 2 tg (log (n+1))/2.D

1<k<n

Theorem 3.2 In any binary search tree
C2H-P (log log (n+l)-1)
Hhere P = Zpk.
Proof MWith Lemma 3.1 we can prove the theorem in the same way as the
variable length source coding theorem is proved in Gallager [3]
(p. 58). That is:

H-P (log log (n+1)-1) - C
i g 8
22 " o
= 2P 108 0 g og nany) * &G o /,)

-1
b3 qktz o ey log e

-1
22E
(2 P { /(pt log(n+l)) ~ 1)+ o a,

12ksn

AA

. [since log z s (z-1) log e)
-1 -1°
—— (zllog trield 22 Ly >2% 1) log e
(1 -1)+0-1)) loge

(from Lemma 3.1)

8.[]
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We will see in section 5.8 that H iz almost aluays close to
log (2n + 1). Therefore, this bound is generally better than H/|Og 3-
Another attack on the lower bound comes from Lemma 2.3. Using
H("x"""‘n) < log m, we get E, s log 3 for all t, so
H= ZP‘E‘ < ZP‘ log 3 =C log 3,
t(ST t(ST
giving still another proof of the information theoretic bound. We can do

better as follous:

Lemma 3.3 For al:rg real number b and any X;1X,0 %, 2 B such that

Xty = 1, Hixgxo,x) < log (2427°) + bx,.

Proof The function H("v"z'”s] is a concave function (Gallager [3), p. 85)
and is less than or equal to f(xll -_H{xl,l'xllz.l"‘llzl (Gallager [3],
p. 588). The graph of the function f(x;) can be bounded from above by
a line with slope b tangent to f. Solving df/d“1 = -(log x, + log e) +

(log (l-xl] + loge)l - 1= b gives X, = 1/(2b+1+1}, f(1/(2b+1+1)) =

log (2+427°) + b/(2b+1+1}. The equation of the line with slope b tangent

at that point yields the Iemma.D

Theorem 3.4 For any b, C 2 H-b P)/Iog (242-%)» uhere P = > Py
Igk<n
Proof From Lemma 3.3 we get

P P -b
E, = H(prt/Pt. LWpy Rfp) < log (242°) 4+ b Prtfp‘.

SoH= 3 PE s 2 Plog (2¢2% + 3P b Pr /p .« And from Lemma 2.3
wh ' A ! tesy by
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HsClog (242°) +b X p_.
tsST t

But each node is the root of one subtree, so . p = 2 p, and the
: teS; "t lsksn

theorem is proved.[ ]

The bound of Theorem 3.4 is tight for all b since there exist trees
which come arbitrarily close to the bound. Specifically, the complete tree

with 21 nodes, in which all occurrences of three nodes in the form

(1)
O @

satisfy pi/p = pi/p = 2+ 2% and in uhich the q's are B, has
j m

: K~k

C=al Z i 27 ot uhere W 2 ¥ 7Y A > gld. 5t (x"-2 }/ K (x-2) "
1<k fsis S
and log a = b + log (1-(1+272H)*%), Also,
H= 3 2t x' a1 1og (ax')
i<izk

at loga 3 2" xt 4 gt log % § 2 x~!
ik 15k

log a + C log x.

This yields

(H-b- log (1 - (142701)%)) '
C = ? /log (2427

which approaches the bound of Theorem 3.4 as k+w, But log a < b, and
o= ClR=172% & 0¥ (af 290 a2y =) & 20 4 1. 55 A ¢ B %
(2% 51 log (242®). For any value of b for which H exceeds this bound,
the corresponding lower bound for C in Theorem 3.4 cannot be achieved.

This leads us to try to find the value of b (as a function of H)
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which maximizes the bound f(b) = (H-bPJ,Iog (24270) [f we look at

( (H-bP)

£'(b) = /{2b+1+1} -P |Og (2+

2®))
/(log (2427%))2
there seems to be no good closed form solution to f'(b) = 8. The value

b = log HIZP is close to the solution, so we get:

Theorem 3.5 If H 21, then C2H - P (log "/p + log e - 1.

Proof Substituting log H/ZP for b in Theorem 3.4, we get
H
(H-P log "/p + P)

(P - H log W)/ L p 1og Hig 10g HHP)/

H - P log H/P
By using log z < (z-1) log e (Gallager [3), p. 23), we have
(H+P) P
fys"/

log y log e. Also, P log H/P log [H+P)/H 2 B. This gives

H (P -P log e)
C >H-P !Og /P + g /‘1 + log {H+P}/H}-
Since loge>1, P-P loge <8, and since log (H+P}/H 2 B, ue get
C2H-Plog H/P +P -P log e.[]

Note that if P = 8, we get the classical information theoretic
bound C 2 H. The bound is least when P = 1 and
C2H-logH-loge +1.
This bound beats the bound Hllog 3 for H 2 11. We have found values for b -
that result in a bound which beats H/log g for smaller H, but they exhibit

the same asymptotic behavior (in H).
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4.8 Upper Bounds for Balanced Trees

In this section we shou that various balanced tree schemes are good
by establishing upper bounds on the costs of such trees. Balanced, here,
means balanced in probability., Knuth [7) first proposed weight balanced
trees as an area for research. Melhorn [9] has published an upper bound
for weight balanced trees, but the bound presented here is better. The
discovery by Fredmar; [2] of an algorithm for constructing balanced trees in
linear time has generated special interest in such trees. The best knoun
algorithm for constructing optimal trees runsr in time 0(n®) (Knuth (71).

Throughout this section we will be talking about a subtree t made

up of ,@. ,@,. @nd so Will omit subscripts when the context is

clear.

We would like to formally capture the idea of balanced trees. A
logical starting point is to select as roort the node @ closest to ?he
center of the probability in P‘. Unfortunately, even if ® is exactly in
the center (that is R((K)) s PI/Z. L&) s Ptlzl. it might not be the node
Which gives the most even split between the left and right subtree
probabilities. For example, if n = 3; p, = 5/8' p, = 1/18' Py = 5116' and
all the g's are zero, then @ falls in the center of the probability, but

RIDILD) = %15 > L@IR@) =57y (It is this anomaly which
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motivated the idea of min-max trees, in which the same situation does not
occur.) We nou define formally the notion of balanced, which avoids this
pfoblem. and which facilitates the proofs which fol lou.
The middle leaf of t is the leaf closest to the middle in
probability., Formally, [] is defined by
Let K = {k | i-12ksj and min(P([i=],[K]D,P(K],[G])) is maximum (or,
equivalently, min[L{C:)},R(()l) is maximuml}. Let a equal this
maximum., 1f there exists a keK for which P([k],[]]) = a, then m is the
smallest such k. Otherudise, m is the largest keK for uwhich
P(i-t],[k]) = a.

The node (r) is said to generally balance t, if r=mor r = ml. A tree T

is generally balanced if, for all teS;, r, generally balances t. GCenerally

balanced trees are provably good in cost relative to the optimal cost, and
include weight halanced and min-max trees.
The following lemma describes the structural implications of this

definition. It will often be used implicitly in the proofs which follou,

especially (1) and (2).

Lemma 4.1 If [m] is the middle leaf then
(1) For all k, isksm, R((K) > LK)
(2) For all k, m+lsksj, RIK) < LK)
(3) For all k, isksm, LI®) < P/
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(4) For all k, melsksj, RI®) s Pu
5) Li@D)) > P - Puily,
® R(@ > P-rdy,
Proof (1) If R((@) > L((m1) then
RIE) 2 R@) > LIGED) 2 LIK).
So assume R((M) s L(G:)) and assume that RI®) s LI®) for

contradiction. Then

LiGD)) 2 LGD) 2 LIE) 2 RIK) 2 RI@).

But then would be the middle leaf.

2

(2) Analogous to (1),
(3) This follous from (1) and the fact that
L(()) + H(()) < Pr
(4) Analogous to (3). g
(8) If L((D) 2 R(() then, since
L(@D) + R(@) 2P,

L(GD) 2 Pulz s Py - pm}/z.
So assume L{(ms)) < R((m), and for contradiction assume that
PiPaatl 7, > LIGD). Ue have

RI@D) + L@ +p,, =P,

so (using (4)),

L@ 2 Py 2 R@ED) > PPt 7, > LiG).

But then would be the middle leaf.
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(6) Analogous to (5).[:]

A node () is said to uweight balance t if r minimizes
| L&) - RE) | A node (F) is said to min-max balance t if (@) minimizes

max (L(®),RIE)).

Theorem 4.2 (1) At least one of the nodes which generally balances t

weight balances t.

(2) At least one of the nodes which generally balances t min-max balances

t.
Proof (1) MWe will shou that if r < m then
[ LIE) - RE@) | 2| L@ - R@) |
and similarly for r > m+l. Then one of C) or C:) must weight balance

t. For r <m, from Lenma 4.1 (1) we get
| LE) - RE@) | = RIE) - LIE)
and similarly for m. So |
RI®) - LIE) - RI@) + L@ =
.P(II.()) + PO 2 8

and so

| L@ - R | 2| L@ - RG@) |

The analogous argument holds for r > m+l.

(2) For r s m, max(L({®)),R(D))) = RIE)) by Lemma 4.1 (1). So we
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need to shou that for r <m, R{{E)) 2 R(@). But this is clearly true

since r < m. And analogously for r > m+l.[ ]

-

We can therefore define the ueight balanced root of t as‘@ if it

weight balances t, and otherwise, . Define the min-max root of t as

(m) if it min-max balances t, and otheruise (n+]). Then the weight balanced

tree is the tree in which the root of each subtree is the weight balanced
root. The min-max tree is the tree in which the root of each subtree is
the min-max root.

In general we are interested in specific sub-types of generally
balanced trees, defined by the rules for choosing between @ and @ for
the root. Of greatest interest are those sub-types which have rules that
can be computed in constant time for each subtree, perhaps with the benefit
of some linear time pre-conditioning of the entire tree. In this case,
Fredman’s algorithm can bre used for constructing the trees in linear time.
Both weight balanced trees and min-max trees are such trees.

We believe intuitively that, on the average, min-max trees are
better than weight balanced trées. The following is an argument for this
claim. If, in any subtree t, the min-max and weight balanced roots differ
(say @ is the min-max root), then R(@) s L(@] (by the min-max
definition and Lemma 4.1 (2)). But it is also true that L((W) < R((ze1))

or (m) would be the weight balanced root. That is, each subtree of the
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min-max tree has less total probability than the the subtree on the other
side of the weight balanced tree. Therefore, the probability that a search
of t will stop at the root is greater in the min-max case than in the
Hweight balanced case. [f the cost of a subtree were a monotone function of
the weight, then the min-max tree would be uniformly better.

Unfortunately, there is not a strict hierarchy between these tuo
kinds of trees. Consider n = 3, Py = 0y = 1/8' P, = G, = 1/8’ Py = g = a.
gy = 5/12, then the min-max tree is

Tn=

and C = 44/24. The weight balanced tree has lower cost. But if P, = 5/12.

P, = g4 = 1/6' q, = 1/4, Py =0y =g, = B, then the min-max tree is
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and C = 21/12. while T, is the weight balanced tree with C = 22/12. The
min-max tree is better. Finally, neither type is necessarily optimal,
since if P, = Py = 1/2 and all the others are zero, then T, is both the
min-max tree and fhe weight balanced tree with C = 2, Houever, TB is

optimal with C = i

4.1 Generally Balanced Trees

We can prove an upper bound on the cost of a generally balanced

tree.

Lemma 4.3 Let [m] be the middle leaf of t with root r.
Ifm=r and m = j then either
(A) Pt/2 > PL +p, 2 (Pl - (qu ¥ pn+l}]/2
or B Fuyzp 2 Penly,
If m=r = j then either

© Puvysp o+p, 2 Praly,
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or ) Pesyzp 2 Py,

And the symmetric formulas hold for m+l = r.

Proof (A), (B), (D) follow easily from Lemma 4.1 (5), (6). (C) is easy
since when m = r = j, PR =q, S0

(P,-q )}
PL+Py=P =P wP o=q 2 "W /n]

Theorem 4.4 1In a generally balanced tree C < H + 3. And the bound is
tight.

Proof We will bound E, for each t. Assume (A) in Lemma 4.3 holds. Then

E, 2 H(‘Pﬁpm’/Pt,Pn/Pt} > 2 ‘PﬁPn’/Pt 1= ‘Zq."Pm’/P‘
by Lemma 2.4, Let b, = 2q, + p, in this case. Similarly we have
E, 21 - pmlp » letting b, = p_for (B) and (D)
t
B & 1~ qmlpi. letting b, = q, for (C),

and the symmetric formulas hold for m+l = r. Then
H= 2PE 2 2P~ Eb,=C- Zb,
teST
Let us see how g, can appear in 3 b. If (K) is higher in the tree
than @. then g, can appear in 2qk+nk+1 (A) when ® is the root, and
it can appear in 9, (C) when @ is the root. If ® is lower than
@. the result is symmetric. Thus the coefficient of q, in Zb‘ is
< 3. Examining p,, it can appear in (A} at most once when (k-1 is the

root and at most once when @ is the root. And it can appear in one

of (B) or (B}, but not both. So the coefficient of p, in zbt is < 3.
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Therefore,

H2C- Xb 2C-B 2 p+32q)=C-3.

12ksn B<k<n

The bound is tight, since we can define a family of generally
balanced trees as follous:

T

with p, = py = d; = 8, gp=q, = 2¢, g, = € P, = 1-5¢,
T

H
k+l

where the root probability is 8 and, T’ is T, with all probabilities
scaled doun by 1/2. These trees are generéllg balanced since (1] is the
middle leaf of Ty, and each T, for k > @ is perfectly balanced. Then

for TK. C-k+3, H+k, as E*B.D

The upper bound of Theorem 4.4 is not especial ly interesting, since
we can do better for weight balanced and min-max trees. The proof
technique is of interest, houever, since it will be used, uWith- more

careful, detailed analysis of each subtree, to get upper bounds on these
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tuo kinds of trees.

4.2 MNin-max Trees

We can get an upper bound on the cost of min-max trees with an easy

modification of the proof for generally balanced trees.

Lemma 4.5 Let [m] be the middle leaf of t with min-max root r.

Ifm=randm=j t.hen either
(A) Pt/2 > PL +p, 2 (Pl"qn)lz

or (B) Pt/2 2 Pp 2 (F’t-p.)fz.

If m=r = j then either
(C) Pt/2 > PL +p. 2 (Pt'qn)lz

or (D) Pt/Z 2 Py 2 (Py-py) /o

And the symmetric formulas hold for m+l = r.

Proof (B), (C), (D) are the same as in Lemma 4.3. To get (A), assume
m=r, m= j, Ptfz > PL + p,» and, for contradiction, assume
P.+p, < (Pt-qm}fz. Then max (P ,P.) = P 2 (Pl+qm)/2. But

max (L(@D),RIED)) = LIED) = P+ p, +q, < Fetil /s,

Houwever then @ would be the min-max root of t.D
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Theorem 4.6 In a min-max tree C<H+1 + Y 9,- And the bound is tight.
" 82k <n

Proof As in Theorem 4.4 we define
b, = q, for (A) and (C}, b, = p_for (B) and (D).

Looking at st’ for each k, g, can appear at most once in (A) and at

most once in (C), while p, can appear-at most once in (B) or (D). This

gives
2b. 52 p+2 3 .
t(S.r 12ksn 8<ksn
AndH2C - {1+ 2 q).
82k<n

If qu = B, then the bound is tight, since the complete tree
HWith 2-1 nodes, where p, =p, = ... = P, = 2% and all the other p's
and gq's are B, is a min-max tree and has C = k, H = k-1. To get the
bound when 2 q = Q, we replace about 2°'Q of the nodes having

non-zero probability with

where q, = 21"‘, and the others have zero probability. Then the entropy

stays the same, and the cost increases by Q.[ |
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4.3 Ueight Balanced Trees .

We can prove an upper bound for weight balanced trees which

similar to that for min-max trees. Using the same scheme as before:

Lemma 4.7 Let [m] be the middle leaf of t with weight balanced root r.
Ifm=r and m = ] then either
W Py, s b ep 2 Pom (g Pl
or B Puyzp, 2P Ry,
If m=r = j then either
{C) Ptfz -SR] - {Pt_qm)/Z
or @ Puwszr s Fibldy,
And the symmetric formulas hcla for m¢l = r,
Proof (B), (C), (D) are from Lemma 4.3, For (A), weight balanced means
’ L(ED)) - RIED) 2 RI®) - LI@).
Collecting terms:
P-.@) + g, - P, - PE,@) - q, - b, -
P, - Picd,@N + P([i-,(m) - p, 28
or ’
4 P +p) 2 2P, ~24, ~p 5+

. P
P +p, 2 Py (o, + Puargd),
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Theorem 4.8 In a weight balanced tree, C < H + 2. And the bound is tight.
Proof As in Theorem 4.4 we have:
b, = q, + pml/z for (A), b, = p, for (B) and (D),
b, = q, for (C).
In pr for each k, d, can appear at most once each in (A) and (C),

while p, can appear at most twice in (A) and at most once in (B) or

(D). This gives

AndHZC-Z-

The tree of Theorem 4.6 in which Q = 1 is weight balanced and

has C = k+l, H = k-1.[]

This bound is equal to the min-max bound in the worst case, O = 1.
In fact, one easily proved consequence of. the weight balanced definition is
that if Q = 1, then the weight balanced tree is the same as the min-max
tree. Since we have not shoun that the ‘bound of Théorem 6.8' can be
achieved for all values of 0O, we might conjecture that the bound can be
lowered to the min-max bound for all Q. This is not the case. Namely, the
tree T, from before, with p, = 2/3 < € py = 1/3 + ¢ and all the others

zero, has C = 2, H + log 3 - 2/3 as €48, In this case C - H is about 1.88.
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5.8 The Expected Yalue of the Entropy

In this section ue try to get some idea of what value we can expect

for the entropy. It will be easiest to talk about entropy measured with

natural logarithms. That is,

H(p, «oo yp) = 3 —p In Pe = Hlpyy «ov 4p)) In 2.

1%k 2n
We are interested in knowing how large the entropy of a random
probability distribution can be expected to be. To learn this, we derive

an expression for the expected value of the entropy, given that all

distributions are equally likely. Specifically, we show that the expected

value of the entropy is
ﬁ{pl. i .pn} = Hn -1
where Hn = llk. Our first proof of this involved integrating the value
12k2n

of the entropy over all probability distributions, and then dividing the
result by the volume of the region of integration. Ronald L. Rivest
suggested the simple proof that appears here.

One integration formula that we need is:

b
Lemma 5.1 / x™ In x (b-x)" dx
8

. (! m! p™ny TP

(m+n+1) ! iS55

1
/(m+i)]'
n+l
Proof (Induction on n)



36

Basis If n = @ then

b b
1 ((In x) 1
fa x" In x dx = x™ ( /(ﬂ'l-l-l] - /{m+1)2] |a

(CRC [12], integral 398, p. 334)
m

+1 1
& fmer) N b = 2/ (i)
Induction (n > B) Integrating by parts with

us= (b=x)", dus= -nlb-x)"! dx

vV = KMI (“n X]/(m+1] - 1’(!11-!-1]2)' dv = x® In x dx

f x" In x (b-x)" dx

- xml((ln X]/

1 b
(me1) =/ (me1) 2 (0-x)" |a "

b
: 1¢(In x) 1 -1
/3 X.” ( o /{ﬂ'H'l) o /(m+1]2} n {b—ﬂ}n dx

b b
= n/(m+1) fax'""l‘ In x (b=-x)"! dx - n/(m+1)2 /8 ™ (b-x)™1 dx

ny ((n-1)1 (me1) ! p™n*h)
o T mel) (m+n+1) !
- 1 - -
{in b 1§Sn ! (mei+1))
Ny, 5 (=Dt (med) ! ™)
(m+1) (men+1) !

(by induction and Gradshteyn [4],

integral 3.131.1, p.28%)
(n! m! p™*) 1
= / (mens1)y I b - . /(m+il}'|:|

1sisn+

The main theorem is:
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Theorem 5.2 Hip, ... p,) = H -1,
Proof For the uniform distribution over all n-tuples {pl. pp .pn} such
that }E;% = ], the density function for p, is (n—l)(l-ka“z. That is,
Prob(p, < x) = / (n-1) (1-p)™2 dp,.
e
Using this density and summing over all k, we get
B = aleld [ 0o ™ g il d
Sk /; Py Py N B2 6B,

Then if we apply Lemma 5.1, we get

A=H - 1]

Thé consequences of this theorem are interesting. First, from
Knuth {[6), p.74), we knou that
H,=Inn+ v+ 0(n™h
Where ¥ = B.577... is Euler’s constant. From Gallager ([3] p. 23) we knou
that
| H.{pl, cee 4p) < {n n.
So the average entropy is always within 8.8l bits of the maximum possible

entropy. This means that in a situation where the'probabi!itg distribution

is not knoun, the entropy is probably high.
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6.8 Conclusions

To summarize, we have shoun that weight balanced and min-max trees

are near optimal by proving:

CpsH+2
H -~ logH - {lcgze - 1) < CGP‘ S
"Cyy S H+ 2.
As a result, ue have
Cip < Cop‘ + log H + 2.45
Coy < C0p1'+ log H + 2.45.

These tuo bounds can probably be improved, either by improving the lower

bound on Cm”, or by trying a different approach, such as bounding Cua and

Chp in terms of Com' We conjecture that C,, < CDp + constant is possible.

t

A number of other problems are open for research. One of these
problems is the analysis of thé average cas;, Eﬁ the sense of what can be
expected with a real application. One aspect of this analysis could be
more empirical testing. An associated problem is that of comparing weight

balanced and min-max trees, since only in the average could there be a

gtrict relation between them. More generally, the question of the best
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scheme for choosing betueen the two generally balanced roots is open for

research. A louwer bound on the complexity of building the optimal tree

Wwould also be of interest.
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